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Abstract

In this paper we develop accelerated first-order methods for convex optimization with locally Lipschitz
continuous gradient (LLCG), which is beyond the well-studied class of convex optimization with Lipschitz
continuous gradient. In particular, we first consider unconstrained convex optimization with LLCG and propose
accelerated proximal gradient (APG) methods for solving it. The proposed APG methods are equipped with a
verifiable termination criterion and enjoy an operation complexity of O(e~*/2loge~") and O(loge =) for finding
an e-residual solution of an unconstrained convex and strongly convex optimization problem, respectively. We
then consider constrained convex optimization with LLCG and propose an first-order proximal augmented
Lagrangian method for solving it by applying one of our proposed APG methods to approximately solve a
sequence of proximal augmented Lagrangian subproblems. The resulting method is equipped with a verifiable
termination criterion and enjoys an operation complexity of O(¢~loge™!) and O(¢~/2?loge~!) for finding
an e-KKT solution of a constrained convex and strongly convex optimization problem, respectively. All the
proposed methods in this paper are parameter-free or almost parameter-free except that the knowledge on
convexity parameter is required. In addition, preliminary numerical results are presented to demonstrate the
performance of our proposed methods. To the best of our knowledge, no prior studies were conducted to
investigate accelerated first-order methods with complexity guarantees for convex optimization with LLCG. All
the complexity results obtained in this paper are entirely new.

Keywords: Convex optimization, locally Lipschitz continuous gradient, proximal gradient method, proximal
augmented Lagrangian method, accelerated first-order methods, iteration complexity, operation complexity
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1 Introduction

In this paper we first consider unconstrained convex optimization'
F* = min {F(z) = f(z) + P(x)}, (1)

where F* € R, f, P : R" — (—00, 00| are proper closed convex functions, f is differentiable on cl(dom(P)), and V f
is locally Lipschitz continuous? on cl(dom(P)), where dom(P) denotes the domain of P and cl(dom(P)) denotes
its closure. It shall be mentioned that dom(P) is possibly unbounded. Problem (1) is beyond the well-studied
class of problems in the form of (1) yet with V f being (globally) Lipschitz continuous on cl(dom(P)) or R™. For
example, the problem of minimizing a convex high-degree polynomial function over a closed unbounded convex
set is a special case of (1), but it does not belong to the latter class in general. In addition, it is sometimes
easier to verify local Lipschitz continuity than Lipschitz continuity of V f on cl(dom(P)). For example, when f is
twice differentiable in an open set containing cl(dom(P)), it is straightforward to see that V f is locally Lipschitz
continuous on cl(dom(P)); however, verifying Lipschitz continuity of V f may require exploring the expression of
V f and can be a nontrivial task.

The well-known special case of problem (1) with V f being Lipschitz continuous on cl(dom(P)) or R™ has
been extensively studied in the literature. In particular, accelerated proximal gradient (APG) methods [3, 16] and
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13We refer to problem (1) as an unconstrained optimization problem just for convenience. Strictly speaking, it can be a constrained
optimization problem. For example, when P is the indicator function of a closed convex set, it reduces to the problem of minimizing
f over this set.

2See Subsection 1.1 for the definition of locally Lipschitz continuity.



their variants [4, 9, 20] were proposed for solving it. From theoretical perspective, these methods enjoy an optimal
iteration complexity of O(s~1/2) for finding an e-gap solution of (1), namely, a point z satisfying F(x) — F* < e.
However, since F™* is typically unknown, there is a lack of a verifiable termination criterion for them to find an
e-gap solution of (1) in general. To overcome this issue, a nearly optimal proximal gradient method was recently
proposed in [6] for solving such a special case of (1). This method is equipped with a verifiable termination
criterion based on the norm of a gradient mapping of (1) and enjoys an iteration complexity of (’)(5_1/ 2loge™)
for finding an e-norm solution of (1), namely, a point at which the norm of a gradient mapping of (1) is no more
than e. It shall be mentioned that these methods [3, 4, 6, 9, 16, 20] and their analysis rely on the Lipschitz
continuity of Vf on cl(dom(P)) or R™. Indeed, they require either an explicitly known global Lipschitz constant
of Vf [4,9, 20] or an estimated one obtained by a backtracking line search scheme [3, 6, 16]. When V f is merely
locally Lipschitz continuous, a global Lipschitz constant of V f clearly does not exist and also the sequence of
estimated Lipschitz constants in [3, 6, 16] can blow up because the solution sequence is possibly unbounded. If
the latter case occurs, the methods may not converge and the complexity analysis of the methods in [3, 6, 16]
will no longer hold. As a result, these methods are not applicable to (1) or lack complexity guarantees in general
when V f is merely locally Lipschitz continuous on cl(dom(P)).

To handle the challenge of the local Lipschitz continuity of V f, we modify [9, Algorithm 1 with a single
block]| by incorporating a backtracking line search scheme and an adaptive update strategy on the algorithm
parameters to propose an APG method (see Algorithm 1) for solving problem (1). Interestingly, the solution
sequence and the sequence of estimated (local) Lipschitz constants obtained by the proposed APG method can
be proved to be bounded, which overcome the aforementioned issues of the methods in [3, 6, 16]. Moreover, this
method is shown to enjoy a nice iteration complexity of @(~1/2) and O(loge~!) for finding an e-gap solution of
(1) when f is convex and strongly convex, respectively. Yet, since F* is typically unknown, it is difficult to come
up with a verifiable termination criterion for this method to find an e-gap solution of (1). To circumvent this
issue, we further propose an APG method with a verifiable termination criterion (see Algorithm 2) for (1) with a
strongly conver f, and show that it enjoys an iteration and operation complexity® of O(loge~1!) for finding an
e-residual solution of (1), namely, a point x satisfying dist(0,0F(x)) < ¢.* We also propose an APG method
with a verifiable termination criterion (see Algorithm 4) for (1) with a convex but non-strongly convex f by
applying Algorithm 2 to a sequence of strongly convex optimization problems arising from a perturbation of (1),
and show that it enjoys an operation complexity of O(s~1/21loge~') for finding an e-residual solution of (1). All
the proposed APG methods are parameter-free or almost parameter-free except that the knowledge on convexity
parameter of f is required.

Secondly, we consider constrained convex optimization in the form of

F*=min {F(x):= f(x)+ P(x)}
st. —g(z) €K, (2)

where L C R™ is a closed convex cone, f, P : R" — (—o0, 0] are proper closed convex functions, f and g are
differentiable on cl(dom(P)), Vf and Vg are locally Lipschitz continuous on cl(dom(P)), and g is K-convex, that
is,
ag(z) + (1 —a)g(y) —glaz+ (1 —a)y) €e K, Va,y e R", a € 0,1].

It shall be mentioned that dom(P) is possibly unbounded.

Problem (2) includes a rich class of problems as a special case. For example, when K = R x {0}™? for
some my and ma, g(z) = (91(x), ..., gmi (), h1 (), ..., hmy (x))T with convex g;’s and affine h;’s, and P(z) is
the indicator function of a simple convex set X C R", problem (2) reduces to an ordinary convex optimization

problem
;Iél)r(l{f(:(}) cgi(x) <0, i=1,...,my;hj(x) =0, j=1,...,ma}.

Numerous first-order methods were developed for solving some special cases of (2) in the literature. For
example, a variant of Tseng’s modified forward-backward splitting method was proposed in [14] for (2) with g
being an affine map, K = {0}, and V f being Lipschitz continuous on cl(dom(P)). Also, first-order penalty
methods were proposed in [7] for (2) with g being an affine map, P being the indicator function of a simple

3The operation complexity of a proximal gradient method for problem (1) is measured by the amount of its fundamental operations
consisting of evaluations of V f and proximal operator of P.

Adist(z,Q) = ming{||z — y|| : y € Q} for any z € R™ and closed set 2 C R™. In addition, an e-residual solution x of (1) satisfying
lz]| < A for some A > 0 independent on ¢ is an O(e)-gap solution, because F(z) — F* < ||z — z*||dist(0, 0F (x)) < (A + ||z*||)e for
any optimal solution z* of (1). However, the converse may not be true.



compact convex set, and V f being Lipschitz continuous on this set. In addition, first-order augmented Lagrangian
(AL) methods were developed in [1, 15] for (2) with g being an affine map, P having a bounded domain or being
the indicator function of a simple compact convex set, and V f being Lipschitz continuous on R™. Also, first-order
AL methods were proposed in [8, 10, 17] with K = {0}™, g being an affine map, P having bounded domain or
being the indicator function of a simple compact convex set, and V f being Lipschitz continuous on this set or
R™. For these special cases, first-order iteration complexity was established for the methods [1, 15, 17] for finding
an e-gap solution® of (2) and for the methods [7, 8, 14] for finding an e-KKT type solution, which is similar to
the one introduced in Definition 2 in Section 3. Since F'* is typically unknown, there is a lack of a verifiable
termination criterion for the methods [1, 15, 17] to find an e-gap solution of (2) in general. In contrast, e-KKT
type of solutions can generally be verified and the methods [7, 8, 14] are equipped with a usually verifiable
termination criterion for finding an e-KKT type solution of the aforementioned special cases of (2).

In addition to the above methods, a first-order proximal AL method was recently proposed in [12, Algorithm
2] for solving a special case of problem (2) with P having a compact domain and V f and Vg being Lipschitz
continuous on dom(P). At each iteration, this method applies a variant of Nesterov’s optimal first-order method
[12, Algorithm 3] to approximately solve a proximal AL subproblem and then updates the Lagrangian multiplier
by a classical scheme. This method enjoys two nice features: (i) it is equipped with a verifiable termination
criterion; (ii) it achieves a best-known operation complexity of O(e~!loge™!) for finding an e-KKT solution® of
such a special case of (2).

It shall be mentioned that the aforementioned methods in [1, 7, 8, 10, 12, 14, 15, 17] and their analysis
rely on boundedness of dom(P) and/or Lipschitz continuity of V f and Vg on cl(dom(P)) or R™. Indeed, these
methods use the APG method [16] or its variant as a subproblem solver. Based on the above discussion, such a
subproblem solver is not applicable or lacks complexity guarantees in general when dom(P) is unbounded or V f
and Vg are merely locally Lipschitz continuous on cl(dom(P)), because the gradient of the smooth component in
the objective function of the subproblems is merely locally Lipschitz continuous. As a result, these methods are
not applicable or lack complexity guarantees in general when dom(P) is unbounded or V f and Vg are merely
locally Lipschitz continuous on cl(dom(P)).

In this paper we propose a first-order proximal AL method for solving problem (2) by following the same
framework as [12, Algorithm 2] except that the proximal AL subproblems are approximately solved by our APG
method, namely, Algorithm 2. Though the gradient of the smooth component in the objective function of these
subproblems is merely locally Lipschitz continuous, their approximate solutions can be found by our APG method
with complexity guarantees. As a result, our first-order proximal AL method overcomes the aforementioned issue
faced by the methods in [1, 7, 8, 10, 12, 14, 15, 17]. Besides, our method is equipped with a verifiable termination
criterion and almost parameter-free except that the knowledge on convexity parameter of f is required. Moreover,
we show that it achieves an operation complexity of O(e~ loge™!) and O(e~/2loge~!) for finding an e-KKT
solution of (2) when f is convex and strongly convex, respectively.

The main contributions of our paper are summarized as follows.

e We propose and analyze APG methods for solving problem (1) under local Lipschitz continuity of V f on
cl(dom(P)) for the first time. Our proposed methods are almost parameter-free, equipped with a verifiable
termination criterion, and enjoy an operation complexity of O(e~/?loge~!) and O(loge~') for finding an
e-residual solution of (1) when f is convex and strongly convex, respectively.

e We propose and analyze a first-order proximal AL method for solving problem (2) under local Lipschitz
continuity of Vf and Vg on cl(dom(P)) and possible unboundedness of dom(P) for the first time. Our
proposed method is almost parameter-free, equipped with a verifiable termination criterion, and enjoys an
operation complexity of O(e~'loge™!) and O(s~1/?loge 1) for finding an e-KKT solution of (2) when f
is convex and strongly convex, respectively.

The rest of this paper is organized as follows. In Subsection 1.1 we introduce some notation and terminology.
In Section 2 we propose accelerated proximal gradient methods for problem (1) and study their worst-case
complexity. In Section 3 we propose a first-order proximal augmented Lagrangian method for problem (2) and
study its worst-case complexity. In addition, we present some preliminary numerical results and the proofs of the
main results in Sections 4 and 5. Finally, we make some concluding remarks in Section 6.

®An e-gap solution of problem (2) is a point x satisfying |F(z) — F*| < ¢ and dist(g(z), —K) < e.
5An e-KKT solution of (2) is generally an O(e)-gap solution of (2) (see Theorems 3 and 6 of [12]). However, the converse may not
be true.



1.1 Notation and terminology

The following notation will be used throughout this paper. Let R™ denote the Euclidean space of dimension n,
(-,+) denote the standard inner product, and || - || stand for the Euclidean norm or its induced matrix norm. For
any w € R, let w; = max{w,0} and [w] denote the least integer number greater than or equal to w. Let Z,
denote the set of positive integers. For any ¢, M € Z,, mod(t, M) denotes the remainder of ¢ when divided by M.

For a closed convex function P : R™ — (—o0, o], let 9P and dom(P) denote the subdifferential and domain
of P, respectively. The proximal operator associated with P is denoted by proxp, that is,

proxp(z) = arg min {1]x — 2%+ P(x)} Vz € R™.
zeRn | 2

Since evaluation of prox,p(z) is often as cheap as that of proxp(z), we count evaluation of prox,p(z) as one
evaluation of proximal operator of P for any v > 0 and z € R”. For a mapping h : R — R!, Vh denotes the
transpose of the Jacobian of h. Vh is called L-Lipschitz continuous on a set €2 for some constant L > 0 if
|Vh(z) — Vh(y)|| < L|jx — y|| for all z,y € Q. In addition, Vh is called locally Lipschitz continuous on § if for
any x € (), there exist L, > 0 and an open set U, containing = such that VA is L,-Lipschitz continuous on U, .

Given a nonempty closed convex set Q C R", dist(z,2) stands for the Euclidean distance from z to €, and
IIg(x) denotes the Euclidean projection of 2 onto C'. The normal cone of © at any x € Q is denoted by Nq(z). For a
closed convex cone K C R™, we use K£* to denote the dual cone of K, that is, £* = {y € R™ : (y,z) > 0, Vx € K}.

2 Accelerated proximal gradient methods for unconstrained convex opti-
mization

In this section we consider problem (1) and propose accelerated proximal gradient (APG) methods for solving it.
In particular, we aim to find an e-residual solution of (1), which is defined below.

Definition 1. Given any ¢ > 0, we say x € R"™ is an e-residual solution of problem (1) if it satisfies
dist(0,0F (z)) < e.

To proceed, let u > 0 denote the convexity parameter of f on dom(P), that is,
7
fy) = f(@) + (Vf(@),y —2) + Gllz =y, Vo€ dom(P),y € R, (3)

Clearly, f is strongly convex on dom(P) when p > 0. In addition, we assume that the proximal operator
associated with P can be exactly evaluated and problem (1) has at least one optimal solution. Let z* be an
arbitrary optimal solution of (1) and fixed throughout this section.

2.1 An APG method without a termination criterion for problem (1)

We propose an APG method for (1) as follows, which is a modification of [9, Algorithm 1 with a single block] by
incorporating a backtracking line search scheme and an adaptive update strategy on the algorithm parameters.



Algorithm 1 An APG method without a termination criterion for problem (1)
Input: o € (0,1/u],” 0 < ag € [\/i0, 1], 6 € (0,1), and 2! = 2! € dom(P).

1: fort=1,2,... do

2:  Compute

y' = ((1 — o)zt + (1 — ﬁt)zt) J(1 = f3), (4)
41 = argmin {3 [(V/ (). 2) + P@)] + Dlla — B — (1 B} (5)
o = (1 — o)t + a2t (6)

where v = 90™ and 5y = ,u%oz;l with «; € (0, 1] being the solution of
Ye—10f = (1 — au)ad v + pouyye—t, (7)
and n; being the smallest non-negative integer such that
2y, (f(h) = f(") — (V@) 2" = o)) < Jla"T — o (8)

3: end for

Remark 1. (i) Algorithm 1 is almost parameter-free except that the convexity parameter p of f is required.

(ii) One can observe that the fundamental operations of Algorithm 1 consist of evaluations of V f and prozimal
operator of P. Specifically, at iteration t, Algorithm 1 requires ny + 1 evaluations of Vf and proximal operator of
P for finding '+ satisfying (8).

(iii) Notice from Algorithm 1 that 0 < ag € [\/1170, 1], which implies o € (0,1] regardless of p =0 or 1 > 0.
Suppose that ay—1 € (0,1] and vi—1,v € (0,7)] are given for some t > 1. Then oy € (0,1] is well defined by
the equation (7). Indeed, let (o) = yi—102 — (1 — a)a? v — payy—1. Observe that ¢(0) = —a? 1y < 0 and
d(1) = v—1(1 — pye) > v—1(1 — pyo) > 0 due to vy € (0,1/pu]. Hence, (7) has a solution in (0,1] and oy is
well-defined.

We next study well-definedness of Algorithm 1 and also its convergence rate in terms of F(x') — F(z*). To
proceed, we define

2 V2
ro = \/F(ml) — F(z*) + %Hxl a2, S= {x € dom(P) : ||z — 2*|| < O;VO‘)TO } . 9)

The following lemma establishes that V f is Lipschitz continuous on S and also on an enlarged set induced
by ao, Y0, 70, %, f and S, albeit Vf is locally Lipschitz continuous on cl(dom(P)). This result will play an
important role in this section.

Lemma 1. Let rg and S be defined in (9), and let o and «g be the input parameters of Algorithm 1. Then the
following statements hold.

(i) Vf is Ls-Lipschitz continuous on S for some constant Lg > 0.

(i) Vf is Lg-Lipschitz continuous on S for some constant Lg > 0, where

~

S= {x e dom(P) : ||z — 2*|| < (1 +oLs) @”’} . (10)

Proof. Notice that S is a convex and bounded subset in dom(P). By this and the local Lipschitz continuity of
V f on cl(dom(P)), it is not hard to observe that there exists some constant Ls > 0 such that V f is Lg-Lipschitz
continuous on S. Hence, statement (i) holds and moreover the set S is well-defined. By a similar argument, one
can see that statement (ii) also holds. O

The following theorem shows that Algorithm 1 is well-defined at each iteration. Its proof is deferred to
Subsection 5.1.

"By convention, we define 1/0 = co. Consequently, when u = 0, 40 can be any positive number.



Theorem 1. Algorithm 1 is well-defined at each iteration. Moreover, z',yt, 2t € S and ny < N for all t > 1,

where S is defined in (9) and
_ [log(voLg)
= |, "

The next theorem presents a result regarding convergence rate of Algorithm 1, whose proof is deferred to
Section 5.

Theorem 2. Let {x'} be generated by Algorithm 1. Then for all t > 1, it holds that

t—1 —2
F(z') — F(z*) < min (1 — \/umin {70,5[,51} ) , 4 (2 +(t— 1)a0\/min {1,570—1[%1} ) r. (12)

Remark 2. (i) Despite only assuming local Lipschitz continuity of V f on cl(dom(P)), Algorithm 1 enjoys a
similar convergence rate as the optimal APG method [9, Algorithm 1 with a single block] which was proposed and
analyzed for solving a special case of problem (1) with V f being Lipschitz continuous on R™.

(i) An adaptive gradient method was recently proposed in [13, Algorithm 1] for solving a special case of
problem (1) with P = 0. It is a variant of classical gradient methods without acceleration and enjoys a much
worse convergence rate than the one given in (12). In particular, when f is conver, it has a convergence rate of
O(1/t) (see [13, Theorem 1]).

From theoretical perspective, it follows from Theorem 2 that Algorithm 1 enjoys an iteration complexity of
O(e1/?) and O(loge ') for finding an e-gap solution z! of (1) satisfying F(z!) — F* < & when f is convex and
strongly convex, respectively. However, since F™*, L; and ro are typically unknown, it is difficult to come up
with a verifiable termination criterion for Algorithm 1 to find an e-gap solution of (1). To circumvent this issue,
we propose some variants of Algorithm 1 with a verifiable termination criterion in the next two subsections.

2.2 An APG method with a termination criterion for problem (1) with x>0

In this subsection we propose an APG method with a verifiable termination criterion for finding an e-residual
solution of problem (1) with g > 0, namely, f being strongly convex on dom(P). It is a slight variant of
Algorithm 1 by incorporating a termination criterion that is checked only periodically.

Algorithm 2 An APG method with a termination criterion for problem (1) with > 0
Input: ¢ >0, v € (0,1/u], 0 < ag € [\/1170,1], 6 € (0,1), M € Z, and z' = 2! € dom(P).
1: fort=1,2,... do
2:  Compute

Y= (1 — )z’ + (1= B1)2") /(1 — aufB),
2 = argmin {4 [(VF(y'), @) + P(@)] + S o = By’ — (1= A",
g = (1 - ap)a’ + gzt
where v; = 6™ and B; = pyroy b with oz € (0, 1] being the solution of
y-10f = (1= ag)ai_ 1y + poye-1,
and n; being the smallest non-negative integer such that
2y (f(=") = (") = (VF(y), 2" =) <[l =y

3:  if mod(¢, M) = 0 then
: Call Algorithm 3 with (z'*!,~o,§) as the input and output (Z+1, 3,1 1).

5: Terminate the algorithm and output /1 if

(@™ =2 + VfET) - VT <« (13)
6: end if
7: end for




Algorithm 3 Adaptive proximal gradient iteration
Input: v € § and 4y, > 0.
1: Compute

- - N 1
b = argunin {3(91(0),2) +3P) + gl —of?}, (14)
where 4 = 590" with 7 being the smallest non-negative integer such that

27(f(0) = f(v) = (Vf(v),0 =) < [[7 —v]*. (15)

2: Terminate the algorithm and output (7, 7).

Remark 3. [t is clear to see that Algorithm 2 is well-defined at each iteration and equipped with a verifiable
termination criterion. In addition, it is almost parameter-free except that the convexity parameter p of f is
required.

The following theorem presents an iteration and operation complexity of Algorithm 2 for finding an e-residual
solution of problem (1) with a strongly convex f on dom(P), whose proof is deferred to Subsection 5.2.

Theorem 3. Suppose that p > 0, i.e., f is strongly convex on dom(P). Let e, M, §, ag and o be the input
parameters of Algorithm 2, ro and Lg be given in (9) and Lemma 1 respectively, and let

2log &
0 (\/2 max{yal,L§§*1}+\/EL§>
T=M-+ (16)
log <1 — \/,u min {70, 5L§1} )
+
2 log =
B 0 \/Qmax{’y(;l,L§5*1}+\/%L§) log(%LA)
N=Q+M"YH|[Mm ( T4 | — 521 ). 1
SR o+ am],): o

log <1 — \/,umin {'yo, 5L§1}>

Then Algorithm 2 terminates and outputs an e-residual solution of problem (1) in at most T' iterations. Moreover,
the total number of evaluations of V f and proximal operator of P performed in Algorithm 2 is no more than N,
respectively.

+

Remark 4. It can be seen from Theorem 3 that Algorithm 2 enjoys an operation complexity of O(loge™1) for
finding an e-residual solution of problem (1) with a strongly convezx f on dom(P).

2.3 An APG method with a termination criterion for problem (1) with p =0

In this subsection we propose an APG method with a wverifiable termination criterion for finding an e-residual
solution of problem (1) with = 0, namely, f being convex but not strongly convex on dom(P). In particular,
the proposed APG method applies Algorithm 2 to a sequence of strongly convex optimization problems arising
from a perturbation of problem (1).



Algorithm 4 An APG method with a termination criterion for problem (1) with x4 =0

Input: ¢ > 0, g € dom(P), M € Z;,0< 5 <1, po > 1,0 < < po, @ € [\/Y/p0,1], 0 <mo <1,¢ > 1,
0<o<1/¢, px = poCk, np = noo” for all k > 0.
1: for k=0,1,... do
2:  Call Algorithm 2 with F « Fy, f < fi, € < ng, 1 < plzl , T
and M, and denote its output by z**1, where

= 21 « ¥ and the parameters ag, vg, 6

1
fu(@) = f(z) + %Hl’ —a"|?,  Fi(x) = fu(z) + P(2). (18)
3. Terminate the algorithm and output z**! if
(19)

4: end for

Remark 5. Algorithm /4 is parameter-free and equipped with a verifiable termination criterion. In addition, by
the monotonicity of {px}, one has

0<% < po < prs \/pgl'mé\/pal’yoéaogl.

Consequently, the choice of ag and ~yy in Algorithm 4 satisfies the requirements specified in Algorithm 2. It then
follows from Theorem 3 that at the kth outer iteration of Algorithm 4, x*t1 must be successfully generated by
Algorithm 2, which is an ng-residual solution of the problem ming{Fj(x) = fr(x) + P(x)}. Thus, it holds that

dist(0, DFy (1)) < . (20)

We next study iteration and operation complexity of Algorithm 4 for finding an e-residual solution of problem
(1) with f being convex but not strongly convex on dom(P). Before proceeding, we introduce some notation that
will be used subsequently. We define

o

* o070

ro = [|2° — "], 9=Zpim:1_ag, (21)
i=0

To = max { \/270a62(F($0) — F(a*)) + g, \/2700452(1"0 +0) (o + py (1o +0)) + (ro + 9)2} . (22)

Also, we define

Q={zxedom(P): ||z —z*|| <To+ro+6}. (23)
Let Ly be the Lipschitz constant of Vf on Q and
L=1Lys+pyt, Q={zedom(P): |z —a*|| < (1+~L)o+ro+0}, L=Lys+pyt, (24)

where Ly ¢ is the Lipschitz constant of V f on Q. By the local Lipschitz continuity of Vf on cl(dom(P)) and
a similar argument as in the proof of Lemma 1, one can easily observe that L, E, Lyy, Ev f, Q, and @ are
well-defined.

The following theorem presents an iteration and operation complexity of Algorithm 4 for finding an e-residual
solution of problem (1) with f being convex but not strongly convex on dom(P), namely, a point x satisfying
dist(0, 0F (z)) < &, whose proof is deferred to Subsection 5.3.

Theorem 4. Suppose that p = 0, i.e., f is convex but not strongly conver on dom(P). Lete, M, d, po, oo,
Y0, 1Mo, ¢ and o be the input parameters of Algorithm 5, and let o, 0, 7o and L be given in (21), (22) and (24),
respectively. Define

~ - log(~0L)
_ 1
Cr=01+M )<1+ {log(l/é) . ) (25)
2
- o272 \/max{y 25 'L~ 1}+L
Vel | log — iV — )
0 ~

(V= 1) min {55, VoL ) (V& 1)min {35, VOE 1|



Then the following statements hold.

(i) Algorithm 4 outputs an e-residual solution of problem (1) after at most K + 1 outer iterations, where

(ii) The total number of evaluations of V f and proximal operator of P performed in Algorithm 4 is no more
than N, respectively, where

N = (M+1)C1 + (M +1)Cy {maX{log (% . 29) /logg, log(zm/E)}L

Cem Tog(1/0)
__log¢
+52 max{ 2C(T0+0)’\/E<2770) 2Tog(1/0) ,1}
€00 e
970 + 26 log(210/) XKoot d) VN A
: T log(2/€) Ao +60) - (2T
+C3 {max{log( €p0 )/IOgCa log(1/0) Herax{ 0 Mﬁ( . > 71}_

(28)

Remark 6. Since 1 < ( < 1/o, it can be seen from Theorem /4 that Algorithm 4 enjoys an operation complexity
of (’)(5_1/2 loge™1) for finding an e-residual solution of problem (1) with f being convex but not strongly convex
on dom(P).

3 A first-order proximal augmented Lagrangian method for constrained
convex optimization

In this section we consider problem (2) and propose a first-order proximal augmented Lagrangian (AL) method
for solving it. Let u > 0 denote the convezity parameter of f on dom(P), that is, (3) holds for f and u. Before
proceeding, we make the following additional assumptions for problem (2).

Assumption 1. (a) The prozimal operator associated with P and the projection onto K* can be exactly
evaluated.

(b) Both problem (2) and its Lagrangian dual problem

sup inf { f(z) + P(z) + (A, g(z))} (29)
Ae*

have optimal solutions, and moreover, they share the same optimal value.

Under the assumptions on problem (2), it can be observed that (x, ) is a pair of optimal solutions of (2) and
(29) if and only if it satisfies the Karush-Kuhn-Tucker (KKT) condition

Vf(z)+ Vg(x)\A+ OP(x)
0€ ( “g(x) + Nic- (V) ) '

In general, it is difficult to find an exact optimal solution of (2) and (29). Instead, for any given £ > 0, we are
interested in finding an e-KKT solution (z, A) of problems (2) and (29) that is defined below.

Definition 2. Given any e > 0, we say (x,\) € R" x R™ is an e-KKT solution of problems (2) and (29) if
dist(0, Vf(z) + OP(z) + Vg(z)\) < e, dist(g(z), Ni=(N)) < e.

We next propose a first-order proximal AL method with a verifiable termination criterion for solving problem
(2), which follows the same framework as [12, Algorithm 2] except that the proximal AL subproblems are
approximately solved by our newly proposed APG method, namely, Algorithm 2. Specifically, at the kth iteration,
our method applies Algorithm 2 to approximately solve the proximal AL subproblem

1
min £(z, \¥; pg) + — ||z — 2|2
x 2p
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for some \¥ € K* and pj, > 0, where £ is the AL function associated with problem (2) defined as

Lz, p) = f(x) + P(x) + 21[) (dist® (A + pg(x), —/C) — IA]1%) . (30)

Algorithm 5 A first-order proximal augmented Lagrangian method for problem (2)
Input: € > 0, (zg,\9) € dom(P) x K*, M € Z4,0< 5 <1, po> (p+ Vi?+4)/2, ap € [\/(r+ 1/po)/po, 1],
0<n<1,(>1,0<0<1/¢, pr = poC*, i = noo” for all k > 0.
1: for k=0,1,... do
2:  Call Algorithm 2 with F' < Fy, f < fi, € < Mk, Y0 < plzl, W M—I—plzl , T
oo, 8 and M, and denote its output by z*+1, where

= 21 « 2% and the parameters

n

flw) = @) + 5 -

(aist? (X" + prg(a), =) = INI2 + o = 2¥7) , - Fi(e) = fu(w) + P(a).  (31)

3 Set AN =TI (AF + prg(a™)).
4:  Terminate the algorithm and output (x**+1, \F+1) if

1 €
LN — @A < 5w (32

N

5. end for

Remark 7. (i) Algorithm 5 is equipped with a verifiable termination criterion and almost parameter-free except
that the convexity parameter p of f is required.

(i) Since po > (1 + /u2 +4)/2, it follows that py* < 1/(u+ pyt). By this, ag € [\/(1r + 1/po)/po, 1], and
the monotonicity of {px}, one has

_ _ 1 1 1\ 1y
O<pk1§p01< — < ) \/(M+Pk1)pk1§\/(M"‘Pol)l)olﬁaogl-
K+ P K+ Py

Consequently, the choice of ag and o in Algorithm 5 satisfies the requirements specified in Algorithm 2. It then
follows from Theorem 3 that at the kth outer iteration of Algorithm 5, £*T1 must be successfully generated by
Algorithm 2, which is an ng-residual solution of the problem min,{Fy(x) = fr(z) + P(x)}. Thus, it holds that

dist (0, OF, (1)) < np. (33)

We next study iteration and operation complexity of Algorithm 5 for finding an e-KKT solution of problems
(2) and (29). Before proceeding, we introduce some notation that will be used subsequently.

Let (z*,\*) be an arbitrary pair of optimal solutions of problems (2) and (29) and fixed throughout this
section. We define

o=\ = @ X 0= pim = {0, @={w e dom(P): fu— | <ro+ 6} (39)
=0

Let Eg be the Lipschitz constant of g on é and

Fo = max {\/2%1060_2(17(960) — F(2*)) + pg g ([T (A0 + pog ()12 + [|X0 = A*[2 = [|X]|2) + 3,

¢2pala52<ro +0) (0 + 95 (ro + 0) + 2Ly (¢ + 1)(IN*I| + 70 +0) + poad(ro + ) } - (3)

We define
Q={zxedom(P): ||z —z*|| <7Fo+ro+06}. (36)

Let Lyy, Lyg and Ly be the Lipschitz constants of Vf, Vg and g on Q, respectively, and let

O = Lygsup lg(@)]| + L2, B=Lys+ Lyg(I\* + V2ro), L=C+py B+ py ' Lygf+pp°.  (37)
e

10



We define R
Q={zedom(P): ||z —z*| < (14 L)ro+ro+6}. (38)

Let Zv s Evg and Eg be the Lipschitz constants of Vf, Vg and ¢ on @, respectively, and let

C = Lygsup lg(x)|| + L2, B =Ly + Lyg(IN[ + V2ro), L=C+py'B+py ' Lygf +pg°  (39)
z€eQ

By the local Lipschitz continuity of Vf and Vg on cl(dom( )) and a similar argument as in the proof of Lemma
1, one can easily observe that Ly, Ly, Lvg, Lg, va, ng, Lg, B, C, L, B C’ L Q, and QO are well-defined.

The following theorem presents an iteration and operation complexity of Algorithm 5 for finding an e-KKT
solution of problems (2) and (29), whose proof is deferred to Subsection 5.4.

Theorem 5. Let e, M, 6, pg, avg, no, ¢ and o be the input parameters of Algorithm 5, and let rg, 0, 7o and L be
given in (34), (35) and (39), respectively. Define

Ci=(1+M1 <1 + {blgo(glis)w ) : (40)
& (10 po%ro(\/mﬂ) >
62 _ L + Cv\ _ 261 log(C/0> ] (41)

(\/Z—l)min{l,\/éf—l} C (\/Z—l)min{l,\/éf_l}

Then the following statements hold.

(i) Algorithm 5 outputs an e-KKT solution of problems (2) and (29) after at most K + 1 outer iterations,

where K- ’Vmax {log (27"(;:‘52‘9> /log ¢, W}-L. (42)

(ii) If p =0, i.e., f is convex but not strongly convez, the total number of evaluations of Vf, Vg, prozimal
operator of P and projection onto IC* performed in Algorithm 5 is no more than N, respectively, where

N=1+(M+1)C + (1 + (M + 1)61) {max {log <2T° i 29) Jlog c, 10812M0/<) H

log(1/0)
log ¢
~ log(1/0)
+ C2po¢ max {2C(7;2)+ f) S <2770) . ; 1}

a0 7)
+53POC [max {log <2r0 +29> /log »WH maX{W,C <2770> e ,1}. (43)
+

(i5i) If >0, i.e., f is strongly convex, the total number of evaluations of V f, Vg, proximal operator of P and
projection onto IC* performed in Algorithm 5 is no more than N, respectively, where

N:1+{Mﬁdﬂi+<1+@4+nég[mm{bg<%w+%>/l M%MW@}L

" log(1/0)
+62 POCmaX{ W’\/E<2:0>2bg(l/d>,l}

1t £po
log ¢
~ [ poC 2ro + 26 10g(2n0/5) 2¢(ro + 0) 210\ 21os(1/o)
+ Cs 7 {max{log < =10 ) /log 771%(1/0_) }Lmax{ 75/)0 ,\/E (5) ,1} )
(44)

Remark 8. Since 1 < ( < 1/0, it can be seen from Theorem 5 that Algorithm 5 enjoys an operation complexity
of O(e 'loge™1) and O(e='/21loge™1) for finding an e-KKT solution of problems (2) and (29) when f is convex
and strongly convex on dom(P), respectively.
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4 Numerical results

In this section we conduct some preliminary experiments to test the performance of our proposed method
(Algorithm 5), and compare it with a first-order proximal AL method (FPAL) [12], the forward-reflected-backward
splitting method (FRBS) [13] and the modified forward-backward splitting method (MFBS) with an Armijo-
Goldstein-type stepsize [19], respectively. All the algorithms are coded in Matlab and all the computations are
performed on a desktop with a 3.60 GHz Intel i7-12700K 12-core processor and 32 GB of RAM.

4.1 Quadratically constrained quadratic programming with box constraints

In this subsection we consider quadratically constrained quadratic programming (QCQP) with box constraints

1
min —z7 Az + b'x

1
s.t. ga:TBi:v + ciTa; +d; <0, i=1,...,m, (45)

—1<z; <1, i=1,...,n,

where A, By, ..., B, € R"™" are positive semidefinite matrices, b,cq,...,¢n € R™, and dq,...,d;, € R.

For each dimension n, we set m = [0.05n] and randomly generate 10 instances of problem (45). In particular,
we first generate x* € [—1,1]™ whose entries are first independently chosen from the standard normal distribution
and then projected to [—1,1], and \* € R" whose entries are first independently chosen from the normal
distribution with mean 1 and standard deviation 1 and then projected to R;. We then randomly generate an
orthogonal matrix U by performing U = orth(randn(n)), an n x n diagonal matrix D whose diagonal entries
are first independently chosen from the normal distribution with mean 0 and standard deviation 100 and then
projected to R, and set A = UDUT. Also, we randomly generate an orthogonal matrix U by performing
U = orth(randn(n)), an n x n diagonal matrices D whose diagonal entries are first independently chosen from
the normal distribution with mean 0 and standard deviation 0.01 and then projected to R;. We set B; = UDU T
and generate B;, ¢ = 2,...,m in a similar vein. In addition, we generate ¢;, ¢ = 1, ..., m independently according
the normal distribution with mean 0 and standard deviation 0.01. We finally choose b and d;, i =1,...,m so
that the KKT conditions of (45) are satisfied at (z*, \*), namely (2*, \*) is a KKT point of (45).

Notice that (45) is a special case of (2) with f(z) = 27 Az/2 + bz, P(x) = L1 (), gi(w) = 2T Bix/2 +
cFrx+d;, i=1,...,m,and K = R, where Z_; qjn () is the indicator function of [~1,1]". Moreover, f and P
are convex, g is K-convex, dom(P) is compact, and V f and Vg are (globally) Lipschitz continuous on dom(P).
Consequently, (45) can be suitably solved by Algorithm 5 and FPAL [12]. It shall be mentioned that FPAL [12] is
only applicable to (2) with dom(P) being compact. Our aim is to find a 1072-KKT solution of (45) by Algorithm
5 and FPAL, and compare their performance. Due to this, we terminate them once a 1072-KKT solution is
found. Besides, for both methods, we choose zero vector as the initial point and set their parameters as follows.

o (g, M,0, po, g, m0,¢,0) = (1072,500,0.9,10,1,0.1,2,0.4) for Algorithm 5;
o ¢ =1072, pp = poC*, mp = noo® with (po,n0,¢, o) = (10,0.1,2,0.4) for FPAL [12].

The computational results of Algorithm 5 and FPAL for the instances generated above are presented in Table
1. In detail, the value of n is listed in the first column. For each n, the average number of gradient evaluations
and the average CPU time (in seconds) of Algorithm 5 and FPAL over 10 random instances are given in the rest
of the columns. One can observe that our method, namely Algorithm 5, significantly outperforms FPAL in terms
of average number of gradient evaluations and average CPU time. This phenomenon is not surprising because
Algorithm 5 uses a local Lipschitz constant of the gradient of the smooth component of the AL functions, while
FPAL uses its global Lipschitz constant that can be excessively conservative.
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Gradient evaluations CPU time (seconds)

n Algorithm 5 FPAL Algorithm 5 FPAL
100 || 4.97 x 103 3.96 x 103 || 0.20 0.21
200 | 4.57 x 103 5.37 x 103 || 6.35 12.07
300 | 4.47 x 103 6.23 x 103 || 12.53 27.88
400 || 4.18 x 103 8.00 x 10% || 33.12 93.04
500 || 4.18 x 103 9.75 x 103 || 22.65 248.28
600 | 4.18 x 10° 1.32 x 10* || 58.65 617.72
700 | 4.08 x 103 1.22 x 10* || 122.52 889.71
800 || 4.08 x 103 1.57 x 10* || 186.23 1551.13
900 || 4.08 x 103 1.94 x 10* || 305.97 2737.96
1000 || 4.08 x 103 2.30 x 10* || 429.38 4398.44

Table 1: Numerical results for problem (45)

4.2 Quadratically constrained quadratic programming

In this subsection we consider the quadratically constrained quadratic programming (QCQP)

1
min ixTAx +bTx
2 (46)
s.t. §:cTBi:c+ciTx+di <0, +=1,...,m,

where A, By, ..., By, € R"™™ are positive semidefinite matrices, b,cq,...,¢n € R™, and dq,...,d, € R.

For each dimension n, we set m = [0.05n] and randomly generate 10 instances of problem (46). In particular,
we first generate z* € R™ with all the entries independently chosen from the standard normal distribution, and
A* € R whose entries are first independently chosen from the normal distribution with mean 1 and standard
deviation 1 and then projected to R;. We then generate A and Bj,¢;, ¢ = 1,...,m in the same manner as
described in Subsection 4.1. We finally choose b and d;, i = 1,...,m so that the KKT conditions of (46) are
satisfied at (z*, \*), namely (z*, \*) is a KKT point of (46).

Notice that (46) is a special case of (2) with f(z) = 27 Az/2+bTz, P(z) =0, gi(x) = 2T Bix/2+c x+d;, i =
1,...,m, and K = R". Clearly, f and P are convex, g is K-convex, V f and Vg are Lipschitz continuous, while
dom(P) = R" is unbounded. As a result, (46) can be suitably solved by Algorithm 5 but not FPAL [12], since
the latter method is only applicable to (2) with dom(P) being compact. On the other hand, it is not hard to
observe that problem (46) and its dual can be solved as the monotone inclusion problem

0€ F(x,\)+ B(z,\), (47)

where

Fley = (VEETION ey - ( Nt y):

One can also observe that F' is monotone and locally Lipschitz continuous on cl(domB) and B is maximal
monotone. As a result, problem (47) and hence (46) can be suitably solved by FRBS [13] and MFBS [19]. Our
aim is to find a 1072-KKT solution of (46) by Algorithm 5, FRBS and MFBS, and compare their performance.
Due to this, we terminate them once a 1072-KKT solution is found. In addition, for all the methods, we choose
zero vector as the initial point and set their parameters as follows.

e (g, M,0, po, g, m0,¢,0) = (1072,500,0.9,10,1,0.1,2,0.4) for Algorithm 5;
e (Ao, 6,0) =(0.1,0.5,0.9) for FRBS [13];
e (0,0,8) =(0.1,0.5,0.9) for MFBS [19].

The computational results of Algorithm 5, FRBS and MFBS for the instances generated above are presented
in Table 2. In detail, the value of n is listed in the first column. For each n, the average number of gradient
evaluations and the average CPU time (in seconds) for these methods over 10 random instances are given in the
rest of the columns. One can observe that our method, namely Algorithm 5, significantly outperforms the other
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two methods in terms of average number of gradient evaluations and average CPU time. This phenomenon may
not be surprising because our method enjoys a nearly optimal operation complexity while the other two methods
lack complexity guarantees.

Gradient evaluations CPU time (seconds)

n Algorithm 5 FRBS MFBS Algorithm 5 FRBS  MFBS
100 || 5.02 x 10° 1.89 x 10° 1.62 x 10° || 0.17 1.80 1.40
200 || 5.01 x 103 1.38 x 10° 1.36 x 10° || 7.16 80.49 77.47
300 || 4.68 x 103 1.11 x 10> 1.02 x 10° || 12.10 147.19  132.95
400 || 4.28 x 102 9.76 x 10* 8.33 x 10* || 32.52 387.91  323.89
500 || 4.08 x 103 7.12 x 10* 6.16 x 10* || 23.18 147.25  125.38
600 || 4.18 x 103 7.37 x 10*  6.07 x 10* || 53.51 427.64  346.31
700 || 4.08 x 10>  6.59 x 10* 5.33 x 10* || 101.14 637.33  518.73
800 || 4.08 x 103 5.69 x 10*  4.72 x 10* || 152.60 782.77  629.80
900 || 4.09 x 103 5.46 x 10*  4.54 x 10* || 236.99 1359.02 1138.14
1000 || 4.08 x 103 4.63 x 10* 3.92 x 10* || 384.96 1854.11 1568.45

Table 2: Numerical results for problem (46)

5 Proof of the main results

In this section we provide a proof of our main results presented in Sections 2 and 3, which are particularly
Theorems 1-5.

5.1 Proof of the main results in Subsection 2.1

In this subsection we first establish several technical lemmas and then use them to prove Theorems 1 and 2.

Lemma 2. Suppose that oy, B¢ and ¢ are generated by Algorithm 1 for somet > 1. Then the following statements
hold.

(i) Vi < ar <1 and afy; ' < af v

(ii) By = pyroy b € [0,1].

Proof. (i) We first prove by induction that |/u7y; < o; < 1 for all 1 <1 < t. Indeed, notice from Algorithm 1 that
Vi < ag < 1. Suppose that /py,—1 < a;—1 < 1 for some 1 < i < ¢t. By this, (7), and a; € (0, 1], one has

Yicroy = (1 — ai)ai_ 17 + paivivier = (1 — aa)pyim1yi + poayivie1 = Wyivi-1,
which together with ~;_1 > 0 yields \/py; < a; < 1. Hence, the induction is completed and /py: < ap < 1 holds
as desired.
We next show that af’yt_l < af_lfyt__ll. Indeed, by /pyi—1 < a4—1, ¥t—1,7% > 0, and (7), one has

Yio10? = (1 — ) 1y + poeyeye—1 < (1 — )y + apyeai_ | =y q,

which implies that the conclusion holds.
(ii) Notice from Algorithm 1 that 8; = uy;a; *. By this and statement (i), one has

0< B = pya; "t <y < 1.
L]

Lemma 3. Suppose that x'T%, y* and 2'*1 are generated by Algorithm 1 for somet > 1. Then for all x € dom(P)
and P'(z**1) € OP(2*1), we have

1 1 1
W(P'(2*), 2 — ) < %<Vf(yt)7w—zt“)+§atﬂt\\x—ytHQ+§at(1—5t)\\$—thQ—iatHx—Zt“HZJrRta (48)

where

1
Sl =y, (49)

1 _
Ry = (o = e’ =y - 5

2
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Proof. By the optimality condition of (5), one has
WVIY) + 1P (27 + a7 = Byt — (1= Br)2"), 2 — 21 >0
for all z € dom(P) and P’'(z*1) € 9P(2'*!). Tt follows from this relation that

7t<P,(zt+1)7 Zt+1 - :I:> < 7t<vf(yt)a L= zt+1> + at<zt+1 - ﬁtyt - (1 - Bt)zt7x - zt+1>
= v(VFl),z — 2 + B (2T — otz — 2T o (1 = Be) (21T — 2 o — 2T
1
=WV =2 4 b (lo =o' = flo = 21" = ly' = 2"%)

1
+ g1 = Br) (llr = 2[1* = [lz = 22 = [l = 2"71)1%)

1 1
= V), e = 2 + SanBille — ot E + Seu(l - B)lle — 42

1
_ 50%”55 _ Zt—l-lHQ + Qt, (50)
where ) .
Qi = —geufilly’ = 2" = Son(1 = B2t — 2. (51)

We next show that Q; < R;. Indeed, it follows from (4) that
o' =yt =l —a) (1= By — 2, (52)
which together with (6) implies that

e gt = (1 — o)t + a2 — gyt = (1 — ap) (2 — 9') + a2t — gyt

(52) ar(1 =B — 2" + 2™ — oy’ = ay (2" = Byt — (1= By)2") . (53)

Using this relation, 3; € [0,1], and the convexity of || - ||?, we obtain

_ (53)
ap |l =y P =12 = Byt = (1= B |P < Bell2 T =y P+ (1= Bl P
By this, (49), (51), and oy € (0, 1], one has

2071 Q= Re) = = Belly’ = 2P = (1= Bo)ll2’ = 2P + o2l =yl — pno (1= )2’ - 317
< = Billy' = 2P = (= Bl = 2P+ o e - )P <0,

which along with oy > 0 implies that Q; < R;.
The conclusion of this Lemma directly follows from (50) and Q; < R;. O

Lemma 4. Suppose that z'*', y' and z't' are generated by Algorithm 1 for some t > 1. Then for any
x € dom(P), we have

2 t 2
Pt = F@) + Lo - < [0 - ) (F6) - Fla) + 52 o - '1?) (54)
¢ Pl 0

Proof. By (6), (48), and the convexity of P, one has that for all P'(z!T!) € 9P (2!*1),

ey P < magt (1 - a) P(e') + arP(=)) = (o' ~ DP(') + 1P
< yiley ' = D)P(a) + yP(a) + (P27, 2 — )
(48)

< (o' = 1)P(a") + P (x) + w(V(y'),x — 2T
1 1 1
+ 50%(1 — Bz —2"|* - §Oét||$ — AP+ iatﬂtHl‘ —y'|I> + Ry (55)
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By (3), (6), ax € (0,1], and ¢ > 0, one has that for all x € dom(P),

ey L F (Y + ey YV (), 2T =y (VYY) o — 2T

@VMff(U+%%<Vﬂt%ﬂ—awv+%f+ v + (V). o
= o fW) + (o = VW), 2t — o) + (V) x — o)
= y(oy ' = 1) (f") + (VL) 2" — ")) + 9 (FO) + (V)2 — ")

3)
< et = 1) () = pulet = o11?) +0 (760 - gulle = o117

Zt+1>

1 B 1
=yl = 1) f(a") + yf(z) - Fhmlag D)t -y - Shvelle — Y| (56)
Using (8), (55) and (56), we have
-1 11y D 1t -1 £y 41 t L 12 1 t+1
Vel F(z )S%at f(l/)"‘%at (V)= —y>+ﬂ”$ - + Yoy P(z)
(55) B B 1
< o FYY) e IV ED, T =) (VYY) e — 2T + EHwt“ —y'?
_ 1 1
+ (e = D)P(") + v P(x) + gar(l =Bz~ 2 - Jallz — 22
1
+ sobille — oI + R
(5<6) 1 —1F t F 1 _ _t2_1 —1_1 t . t)2
< oy = DF@) 3 F (@) + 5 — p) o —y'l17 = Spmley Mz =yl
1 1 1
+ 2" = P + son(1 = By)lle — 211 — soull — 2P + Ry
20 2 2
1 1
= (g = DF (") + v F(z) + gar(l =Bz~ 2 - Jaullz = 2an /i (57)

where the equality follows from (49) and 8; = pyi; ', In addition, it follows from (7) and B; = puy;a; * that

Yee107(1 = By) = Ye-10F — %107 By = Y-107 — pouYevi1 o (1 — ar)ai_ 7. (58)

In view of (57) and (58), one has

Ft) = F@)+ g = 21 S (1 ) (R~ F) + 20— P2

(1 - ay) <F(mt) ~ F(a)+ ;‘i—_ll |z - th2) .
The conclusion of this lemma immediately follows from the above inequality and z! = z!. O
Suppose that 2! and 2! are generated by Algorithm 1 for some ¢t > 1. For any 0 < v < 7y, we define

y'(7) = (1= a(M)2’ +a() 1 = B()z") /(1= a()B()), (59)

#*1(y) = argmin {7<Vf(yt(7)), z) +P(x) + a(;)”x — By (1) - (1 B(v))zt\l2} 7 (60)

2" (7) = (1 - a(y)z’ +a(y)" (), (61)
where B(7) = pya(y)~! and a(y) € (0, 1] satisfies

r-10(7)? = (1= a(1))ai 17 + pyu-1a(y). (62)

Lemma 5. Let S and S be defined in (9) and (10). Suppose that ', 2 € S, and y*(v) and '+ (7) are defined
in (59) and (61) for some t > 1. Then y'(y) € S and z*T1(y) € S for all 0 < v < 7.
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Proof. Fix any 0 < v < 9. By the optimality condition of problems (1) and (60), one has

(W) + 7P () + a() (2T () = By (y) — (1= B())2h), % — 2T (y)) > 0,
(YVf(z*) + P (x%), 2 (y) — 2*) >0,

where P'(2!T1(v)) € OP(2*1(y)) and P'(z*) € OP(z*). Letting w = B(7)y*(y) + (1 — B(7))z! and using the
above two inequalities and the convexity of P, we obtain

()T () —w) + (VI () = V@), 2" = 2 (y)) 2 v(P' (2" (7)) = P(a*), 2" () —2*) > 0,

which yields

a2 () = 2P < (a(n)(@” = w) +1(Vf(y' (7)) = Vf(2")),2" = 2T (7)
< Jla() (@ = w) + 1 (VI () = V@D () = 2] (63)

In addition, recall from Lemma 2 that \/py—1 < ay—1 < 1. By this, a(y) € (0,1], (62), and a similar argument
as in the proof of Lemma 2(ii), one can see that 5() € [0, 1]. It then follows from this, (59), the expression of w,
and 2t 2t € S that y'(y), w € S. By these, a(y) > 0, (9), (63), and Lemma 1, one has

a2 (7) — 27| < la(M)(w = 2*) + ¥ (V' (1) = VL)) < allw - 2" + V' () = V@)

: & V2y0r
< a)llw = a* | +yLslly' (1) = 2"l = () +7Ls) ¥

Using this, (9), (61), a(y) € (0,1], #* € S, and v < 79, we obtain that

(61)
[z () — || < (1 —a@)|a’ —2*| + a(y)llz () — 27|
) V27070 N V27070
Q 0

< (1-al) (@(v) +7Ls) =

/2
< (I +1Ls) OZSTO'

It then follows from the last relation and (10) that 21 () € S. O

For the convenience of our subsequent analysis, we define

t

=1 AN=]]0-a) (64)

=1

Lemma 6. Let S and N be defined in (9) and (11). Suppose that 2t,2* € S for some t > 1. Then z'*1, 4 and
21 are successfully generated by Algorithm 1 at iteration t with ny < N, and moreover, z'T1 4t 2!t € S.

Proof. Let v = v6" and y'(7) and 2'T!(y) be defined in (59) and (61). By 6 € (0,1) and (11), one can observe
that 0 < v <~ and v < L;. Using these, ¢, 2! € S, and Lemma 5, we see that 2'71(y) € S and y'(y) € S C S,
where § is defined in (10). It then follows from 7 < Lél and Lemma 1(ii) that

29 (f@ () = F' ) = (V' (), 2 () =y () < vLgllz"™ () = y' NP < N2 () = o ()1

This together with the definition of n; in Algorithm 1 implies that n; < N. It then follows that 2!+, y* and z!*+!
are successfully generated by Algorithm 1.

Since z¢, 2! € S and y' = y'(y4) for some 0 < v; < 7o, it follows from Lemma 5 that y* € S. We next show
that 2tt1, 211 € S. Indeed, by (7) and (64), one has

2 2
64 7 _ — _ _
At (—' 2 (1 — )1 (—) T-1% 5 PO Y1 A1 < %2 19 At—1,
Qp 17t 1Mt
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which along with A\g = 1 implies that v:\:/a? < v9/a2. Using this, (54) and (64), we obtain that

2 2
Hzt-i-l _x*H2 < 7t (F(xt—i-l) —F(l'*) + %Hztﬂ-l _x*H2>

aj
zlyt)‘t < 1 * a(Q) 1 * 2>
< Flx')—F(z™)+ —||z7 —x
o (z7) = F(7) o I |
< 22 (P - PG+ gL )
>~ O(% 270 ;
which together with (9) implies that 2! € S. Tt then follows from this and (6) that z'*! € S. O

We are now ready to prove Theorems 1 and 2.

Proof of Theorem 1. We prove this theorem by induction. Indeed, notice from Algorithm 1 that 2! = 2! € S.
It then follows from Lemma 6 that z2, y' and z? are successfully generated with ny < N and 22,y',2% € S.
Now, suppose that 2f, y*~! and 2! are already generated with n;_; < N and !,y'~!, 2t € S. It then follows
from Lemma 6 that z'™!, ' and 2!*! are successfully generated with n; < N and z!*1, ¢, 2/t € S. Hence, the
induction is complete and the conclusion of this theorem holds. ]

Proof of Theorem 2. Observe from (64) that \; = (1 — a;)A\i—1 < A1 for all ¢ > 1. In addition, recall from
the proof of Lemma 6 that v;A;/a? < v9/ad for all i > 1. By these relations, one has

1 1 Aic1 — A Aim1 — A o 1 .
_ — > = > —agN\ Vi Vi > 1.
VA VAo VAoV hio V) T 2hav 2V T 2 oVi/0
Summing up the above inequalities for ¢ = 1,2, ...,t and using A\p = 1, we obtain
1 1 ¢ t —2
I > 50402\/%/’70 = A <4 (2+a02\/%/’m> : (65)
t i=1 i=1
Also, observe from (64) and Lemma 2(i) that

t
=0 =) <[ - vim). (66)
i=1

=1

In addition, recall from Theorem 1 that n; < NV, which together with (11) implies that v; = 406" > min{~0,/Lg}
for all ¢ > 1. By this, (65) and (66), one has

¢ -2
At < min (1 — \/,umin {70,5L§1} ) , 4 <2 —i—tag\/min{l,é'yo_ngl} ) vt > 1.

The conclusion of Theorem 2 then directly follows from this relation, (64) and (54) with z = z*. O

5.2 Proof of the main results in Subsection 2.2
In this subsection we first establish two technical lemmas and then use them to prove Theorem 3.

Lemma 7. Let vo, 6 be given in Algorithm 2 and N be defined in (11). Suppose that (v,7o,6) is the input
for Algorithm 8 for any v € S. Then (0,7) is successfully generated by Algorithm 3 with n < N, 0 € S and

¥ > min{vo,6/Lg}.

Proof. For any 0 < v < 7, let

- . 1
o) = arganin {5(V (o). = o) +2P(0) + gl — ol | (67)
By the optimality condition of (1) and (67) and a similar argument as for (63), one has
[0(7) — 2™ < llv = 2" = y(Vf(v) = V("))
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Using this, v € S, (9), and Lemma 1(i), we obtain

[o(y) = 2™ < [lv = 2"l + yLsllv — 27| < (1 +70Ls)

\2
O;YOTO V0 <7 < .
0

This along with the definition of S in (10) implies that () € S for all 0 < v < 7. Now, let v = 700V, By
9 € (0,1) and (11), one can observe that 0 < v < vy and vy < Lél. It then follows that ©(vy) € S. By these,

v €8 C 8 and Lemma 1(ii), one has
2y(f(8()) = £(v) = (Vf(v),8(7) = v)) < vLgllo(7) = vll* < [[o(7) = vl*.

These together with (11) and the definition of 72 in Algorithm 3 implies that (7, 7) is successfully generated by
Algorithm 3 with 7 < N, and moreover,

70 > 5 = 700" > 700" > min{y,d/Lg}, T=7(3)€S.

O
Lemma 8. Suppose that 1 and (:itﬂ,’ytﬂ) are generated in Algorithm 2 for some t > 1. Then we have
dist(0, OF (7)) < |54 (& = 2 + V(@) = V(||
< <\/2 max{’yal, Lot} + 2’yoL§> VF(2t+1) — F(z¥), (68)

where Lg is given in Lemma 1, and vy and 6 are the input parameters of Algorithm 1.
Proof. Notice that (211, 4411) is the output of Algorithm 3 with (2!, ~,§) as the input. By Lemma 7, one
has that &' € S and y9 > 41 > min{~o,d/Lg}. Also, it follows from (14) and (15) with v = 2!, o = !
and 4 = 411 that
1
#* = argmin {%wa(xt“), z) + e P() + 5 |l - xt+1||2} : (69)
xX
291 (f(EHY) = f@™h) = (Vf(h), 27 =) < |3 — a2 (70)

By the optimality condition of (69), it can be easily shown that

oo (@ = ET) + V@) = V() € oF (@, (71)
Fert(V @), 87 + 301 PE@TY) < 5 (VF(@™), 2 + 51 P — [ =22 (72)

By (70) and (72), one has

(70) 1
Y FET) <3 PE) + 3 f@) 4 (VA 27 = o) 4 Sflatth = 2t

(7<2)~ P! _1 ~t+1 412
< A F(a) QHQU A |

which yields [|#1 — 2+ < /29,51 (F(z1) — F(2'+1)). This together with (71), 1 € 8, 7o > Fup1 >
min{yp,d/Lg}, and Lemma 1(ii) implies

dist(0, 0F (2'7)) < |54 (" = &) + V@) = VT < (55 + L a7 — 2|
< (,/2@;11 + 2%+1L§> VE(@!H) — F(E)
< <\/2 max{7,?, Lo} + \/270L§> VF(xt+1) — F(a*).

We are now ready to prove Theorem 3.
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Proof of Theorem 3. Suppose for contradiction that Algorithm 2 does not terminate within T iterations. It
then follows that 2! and #'*! must be generated in Algorithm 2 for some T'— M < t < T with mod(¢, M) = 0.
In addition, observe that (12) also holds for Algorithm 2. By t > T — M, (12), (16) and (68), one has

5ok (@t — 241 4 VG — V) S <\/2 max{ry ! Lgd 1} + w/270L§> S R @)

(12)

t/2
< 79 <\/2 max{’Yo_l,Lgé_l} + \/270L§> (1 — \/,umin {70,5[/51})

(T-M)/2 (16)
< 79 <\/2 max{*yo_l,LgS_l} + 270L§> (1 — \/u min {70,5L§1} ) < e

which implies that Algorithm 2 terminates at iteration ¢ and leads to a contradiction. Consequently, Algorithm 2
must terminate at some iteration ¢ < T and output #'T! that satisfies (13). By this and Lemma 8, one can see
that dist(0,0F ('*!)) < € and hence #'*! is an e-residual solution of problem (1).

In addition, one can observe from Algorithm 2 that (i) evaluations of V f and proximal operator of P are
performed in the backtracking line search procedure (see step 2) and Algorithm 3 (see step 4); (ii) the total
number of iterations of Algorithm 2 is at most T; (iii) n; backtracking trials are performed in each iteration ¢
and each of them requires one evaluation of Vf and proximal operator of P; (iv) the total number of calls of
Algorithm 3 in Algorithm 2 is at most 7//M and each call requires at most N evaluations of V f and proximal
operator of P (see Algorithm 3 and Lemma 7), where N is given in (11). By this observation and Theorem 1,
one can see that the total number of evaluations of V f and proximal operator of P performed in Algorithm 2 is
no more than NNV, respectively. O

5.3 Proof of the main results in Subsection 2.3

In this subsection we first establish several technical lemmas and then use them to prove Theorem 4.

Let {2*}rex denote all the iterates generated by Algorithm 4, where K is a subset of consecutive nonnegative
integers starting from 0. We define K—1={k—1:k € K}. For any 0 < k € K— 1, let f; and F} be defined in
(18). Also, let ¥ be defined as

2% = arg min Fy(z). (73)

Recall that «g, o and {pg} are the input parameters of Algorithm 4, and Ly ; and Ev ; are the Lipschitz constant
of Vf on Q and @, respectively. Let

Lk :LVf +p];17 Ek :ZVf +p];17 (74)
o2

T = [ Fr(a?) — F(af) + 2|k — 2|2, (75)
270

Sk = {m € dom(P) : ||z — 2| < a61\/2’yofk} , (76)

S = {x e dom(P) : ||z — zF|| < (1 + yoLy) aal\/%fk} . (77)

Since Ly, and Ev ; are respectively the Lipschitz constant of Vf on Q and @, it then follows from (18) that

V[ is Lp- and Ek—Lipschitz continuous on @ and @, respectively. In addition, by the definition of L and Lin
(24) and the monotonicity of {py}, one has

Ly=Ly, +p;' <L, Ly=Lyv, +p;' <L (78)

Lemma 9. Let ¥ be defined in (73). Then the following statements hold.

l2* = 2|* + ok — 2™ < |l —2*|* YO<keK-1, (79)
k—1 k—1

|2 =2 < o =2t + Y g [la® =2 < 2 =+ ) pmi VI<keK (80)
i=0 i=0
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Proof. One can observe that Algorithm 4 is an inexact proximal point algorithm (PPA) [18] applied to the
monotone inclusion problem 0 € 7 (x), where 7 : R” = R" is a maximal monotone set-valued operator defined as

| OF(z) if x € dom(P), n
Tlz) = { 0 otherwise, Vo € R%.

In addition, one can observe from (20) and (73) that dist(0, 7 (z**1) + p, ' (2! — 2¥)) < m, and 2F =
(I 4 pr 7))~ (2"). It then follows from [18, Proposition 3] that

12"+ — (I + pe T) 7 @) < e VR €K~ 1. (81)

By this, 0 € T(z*), 2% = (I + px 7)™ *(2¥) and [18, Proposition 1], one can see that (79) holds. In addition, (80)
follows from (81) and [12, Lemma 3]. O

As a consequence of Lemma 9 and the definition of ry and 6 in (21), one has that
|2° — 20| < 7o, |J2* —a*|| <7ro+6, |2 —aF| <ro+0, [2F —2F <m0, VI<EeK (82)
Lemma 10. Let 7o and 7 be defined in (22) and (75). Then for all 0 < k € K — 1, we have
% < agio/(270)- (83)

Proof. We first prove that (83) holds for k = 0, that is, 72 < a272/(270). By (1), (18) and the definition of x*,
one has

1
Fy(20) = F(a?) + %ng =2’ > F(z*), Fo(a") = F(a”).

It then follows from these, (22), (75), and (82) that

of
27

(75)

2,.2 (22) 252
anT anT
= Fo(a’) - Fo(af) + S0 " S0t

0 012 0 *
T —z.||* L F(x”) — F(z") + <
2l < Fa®) - Fa®) + 0 < G

We next show that (83) holds for all 1 < k € K — 1. It follows from (18) and (20) that there exists
P'(z*) € 0P(2*) such that

Fy_y(a") = V@) + pty (@ — 2" + Plab) € 0F 1 (a®),  ||F_1 (")) < e (84)
Also, we have
Vf(z®) 4+ P'(a*) € F, ("),

which together with (84) yields
Fi_y(z®) — pt (2% — 2"ty € OF(a"). (85)

By the convexity of F, nx_1 < no, px—1 > po, (82) and (85), one has

(85) _ _ _ _

Fi(ak) = Fi(ah) < (Ff_y(a*) = o (e — 281, 2% — k) < (IFLy @)+ it lla® — oF 1)l — o]
(82)
< no(ro +0) + py (ro + 0)°.

This together with (75) and (82) yields

ol _ a3 (ro + 6)?
7= F@®) - @) + 20— a2 < mofro +0) + 5 g + )7 4 SO OS
270 270
By this relation and the definition of 7y in (22), one can see that (83) holds for all 1 < k € K — 1. O

Lemma 11. Let fi, Ly, Ly, Sy and S), be respectively defined in (18), (74), (76) and (77). Then for all

A~

0<keK-1, Vf is Lipschitz continuous on S and §k with Lipschitz constants Ly, and Ly, respectively.
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Proof. Let Q and Q be defined in (23) and (24). We first show that S, C Q and §; C O for all 0 < k € K — 1.
To this end, fix any 0 < k € K— 1. By (76), (82) and (83), one has that for all z € S,

(76)
lz — 2™ < llo — 2% + ]2t —2*|| < agv/2y0rk + [|2% — 2| < Fo + 70 + 6,
where the last inequality follows from (82) and (83). This together with (23) implies that S C Q. In addition,
using (77), (78), (82) and (83), we obtain that for all z € S,
* k k * (77) -1 = k *
o — 2% < llz — il + [la¥ — 2% < (L 4+0Le) g V2907 + [l — 27|
(78)
< (M4+vLi)ro+r0o+60 < (14+vL)7o+10+6,

which along with (24) implies that S, C 0. ~
Recall that Vi is Lj- and Lg-Lipschitz continuous on Q and Q, respectively. The conclusion of this lemma
then follows from this fact and the relations S, C Q and S, C Q forall 0 < ke K — 1. O

Lemma 12. Let Ny, denote the number of evaluations of V f and proximal operator of P performed by Algorithm 2
at the kth outer iteration of Algorithm 4. Then for all 0 < k € K — 1, it holds that

2
a2 (\/max{v(;Q,yalL6—1}+L)
i

ngél M+1+ + (86)

\/plzl min {’yo, (55_1}

log

where M, §, ag, Yo, {pr} and {n} are the input parameters of Algorithm 4, and 7o, L and C are given in (22),
(24) and (25), respectively.

Proof. Notice that at the kth outer iteration of Algorithm 4, Algorithm 2 is called to find an 7-residual solution
z*+1 of the problem min, { fix(z) + P(x)} with the inputs e « g, < p; ' and 2! = 2! < 2*. In view of (75),

76), (77), Lemma 11 and Theorem 3, one can replace (ro, i, €, Ls) in (17) by (Fi, pr. 5, 0k, Ek respectively and
7 3 P >7
obtain that

2log i

i (y/2max(ng ! Lot v Erole ) (1 N {bg(fmfk)w )

- log(1/6
log (1 - \/pk1 min {70, 5Lk1}> og(1/9)
+
— N 2
27 (\/ max{yg I,Lk6*1}+ﬁoLk)

e

<1 M’l) M1 + (1 {bgﬁoik)-‘)
=0 o —log<1—\/P21min{’yo,5f,;1}) " log(1/9) +

Ny <(Q+M1Y | M+

log

2
27077 (\/maX{VJQ,valLkﬁ”}JrLk)

log

i ~
S <1+M71) M+1+ + 1+ log(’)/QLk) 7
1. =~ log(1/6)
Py min {'70,6Lk }

where the last inequality follows from the fact that —log(1 — &) > & for any £ € (0,1). By the above inequality,
(25), (78) and (83), one can see that (86) holds. O

We are now ready to prove Theorem 4.
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Proof of Theorem 4. (i) Let K be defined in (27). We first show that Algorithm 4 terminates after at most
K + 1 outer iterations. Indeed, suppose for contradiction that it runs for more than K + 1 outer iterations. It
then follows that (19) does not hold for k = K. On the other hand, by (27), (82), px = po¢¥ and nx = noo¥,
one has

1 g (27) (27)
R . A
PK poC 2 2
and hence (19) holds for £k = K, which leads to a contradiction. Hence, there exists some 0 < k < K such that
(19) holds and Algorithm 4 terminates and outputs x*T!. We next show that z**! is an e-residual solution of

problem (1). Indeed, it follows from (18) and (19) that

dist(0, OF (zF+1)) < dist(0, dF (zF11) + pl;l(;zc]“r1 ) + Pr Rt — 2R

(19)
(1 )dlst(o aFk( k+1))+pk1ka+1 _ka Snk+p’:1”xk+l —.’L‘kH < ,

and hence the output z**1 of Algorithm 4 is an e-residual solution of problem (1).

(i) Let K and N be defined in (27) and (28), and let N}, denote the number of evaluations of V f and proximal
operator of P performed by Algorithm 2 at the kth outer iteration of Algorithm 4. By this and statement (i) of
this theorem, one can observe that the total number of evaluations of V f and proximal operator of P performed

in Algorithm 4 is no more than Z'KI 2 Ni. As a result, to prove statement (ii) of this theorem, it suffices to
show that Z'K‘ > N < N. Indeed, in view of (26), (27), (86), K| —2 < K, pr = po¢* and n = noo”, one has

a0r0<\/max{'yo B R 1}+L)
VPr | log 2

M+1+ +

min{\/’T, Y, 5E‘1}

o
Il
[e=)
=
IN
il
ol
Mgl

2
k a3} (\/ max{7, 7 135—1}+Z)
VP ¢ | —2klogo + log =

M+1+ +

min{\/’T, Y 55_1}

Il
il
M=

B
Il
o

2
252 -2 —17s—11.T
Kl agry (\/max{'yo o Lo }+L)
NIZXS [ —2Klog o + log 2

<Ci|(M+1)(K+1)+ 1 <N,

(v — 1) min {ﬁ \/53—1}

where the first inequality follows from (86), the second inequality is due to Z}f:o Ve < it /(+/C —1) and
S /T < K5 /(WC = 1), and the last inequality follows from (26), (27) and (28). O

5.4 Proof of the main results in Section 3

In this subsection we first establish several technical lemmas and then use them to prove Theorem 5.

Let {(2%, A\¥)}rex denote all the iterates generated by Algorithm 5, where K is a subset of consecutive
nonnegative integers starting from 0. We define K—1={k—1:%k € K}. For any 0 < k € K— 1, let fx and F},
be defined in (31). In addition, let (z¥, A¥) be defined as

o = argmin Fy(z), A = I (,\k n pkg(xf)) . (87)

Recall that ag, {px} and {ny} are the input parameters of Algorithm 5, Q, B, C, Q,Band C are respectively
given in (36), (37), (38) and (39), and Ly, and ng are the Lipschitz constant of Vg on Q and O, respectively.
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Let

k—1 k—1
Ly =Cpr+B+Lygy pmi+py's Li=Cpy+B+Lygy pimi+ ;' (88)
i=0 i=0
1
o=\ Fulah) — FuGab) + pnadlet b (%9
Sk = {m € dom(P) : ||lz —zF| < aO_I\/Qplzlrk} , (90)
Sy = {x e dom(P) : |lz — 2| < (1+ Lkp,;l) a01\/2pk177/€} . (91)

The following lemma states some properties of the function f;, whose proof is similar to that of [12, Lemma
7] and thus omitted.

Lemma 13. Let fi,, Q, Q, Ly, and Ly, be respectively defined in (31), (36), (38) and (88). Then [k is convex and
continuously diﬁef\entz’able on dom(P), and moreover, V fi is Lipschitz continuous on Q and Q with Lipschitz
constants Ly and Ly, respectively.

The next lemma establishes some properties of (¥, \¥) and (z*, AF).

Lemma 14. Let (2%, \¥) be defined in (87). Then the following statements hold.

(%, AF) = (2, A2+ [l A8) — (@7, A < ¥, AR = (@ A2 Vo< ke K -1, (92)
k—1
(%, ) = (@ AR < @000 — (@ A+ S VIS k€K, (93)
=0
k—1
(%, A8) = (@ A < @A) — @A)+ S p V1< keK. (94)
=0

Proof. Tt is well-known (e.g., see [18, 12]) that Algorithm 5 is an inexact proximal point algorithm (PPA) applied
to the monotone inclusion problem 0 € 7;(z, A), where [ is the Lagrangian function of problem (2), and 7; is a
maximal monotone set-valued operator defined as

Ti:(z,A) = {(v,u) € R" x R™ : (v, —u) € Jl(xz,\)}, V(x,\) € R" xR
It then follows from (33), (87), and [12, Lemma 5] that
(mljv )‘5) = jpk(ajkv Ak)v ”(karlv )‘k+1) - jpk(ajkv Ak)” < pkMk, VhkeEK-1 (95)

where J,, = (Z + pT/)~'. By the first relation in (95), 0 € T;(«*, \*), and the maximal monotonicity of Tj, it
follows from [18, Proposition 1] that (92) holds. In addition, (93) and (94) follow from the second relation in (95)
and [12, Lemma 3]. O

As a consequence of Lemma 14 and the definition of 79 and € in (34), one has that

|20 — 20| < 7o, [JaF—a*|| < ro4+0, [N =N <ro+0, ||zF—2F|| <ro+6, |zF—zFY| <ry+0 VI<keK
(96)

Lemma 15. Let 7y and 7™ be defined in (35) and (89). Then for all 0 < k € K — 1, we have
T < agopn/2- (97)

Proof. We first prove that (97) holds for k = 0, that is, 73 < a272p0/2. Indeed, let [ be the Lagrangian function
of problem (2). By (30), (31) and (87), one has

1 1
Foa) = L2, N0 o) + 5l = 1P 2 (a2 3% ) = o {12, 0) = 51 = )

> 1, A7) — 50— NP 2 F(a) — o A X
Po Po
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where the second equality follows from [12, Lemma 2]. Also, we have

Fo(a") = L(a%, A% po) = F(2) + 5— (M= (A" + pog(®))|I* = [IA]1%) -

200
It then follows from these, (35), (89), and (96) that

89 1
78 2 Fo(e®) - Fo(a?) + poad|a® — a2
1 ) 1 @5
< F@®) = Fa) + 5= (e O+ pog @)+ 12 = A1 = INIP) + 5poaded < ofidoo/2

We next show that (97) holds for all 1 < k € K — 1. Indeed, observe that | A*|| = dist(\*~! + pp_19(2*), —K)
and |[TTics (A + prg(2%))|| = dist(A\* + prg(z¥), —K). Using these, pp = poC¥, and (96), we have

k

. . A
M+ (A" + prg(a®)) = X)) < dist(A* + prg(e®), —KC) + [|A*]| = prdist <sz +g(2"), —’C> +AF]

Ak Ak—l Ak_l
< prdist ( - ,—IC> + prdist < + g(a®), —/C> + [IA¥
Pk Pk-1 Pk—1

DL Lot .
<l - P dist (A1 4 prag(a), —KC) + A
Pk Pk-1 Pk—1
PLINED Lot Pk Pk - Pk
N (R +(+1) I < 2R 4 (+2) 1]
Pk Pr—1 Pk—1 Pk~1 Ph—1
< 2(C+ (N + 70+ 6). (98)

It follows from (31) and (33) that there exists P’(z*) € OP(«*) such that

Fi_y (%) = V(@) + Vg (@™ e V4 pporg(@®) 4oy (@F ="+ P (a%) € 0F 1 (a), | Fi_1 (") < mis.
(99)
Also, we have
Vf(@*) + V(") ies (AF + prg(a®)) + P'(2*) € OF(a"),

which together with (99) yields
Fiy(a%) = gty (@ = 2871 4 V(") (T (OF + prg(a®)) = T W)+ pp1g9(a%))) € OF(a%). (100)

In addition, observe from (34) and (96) that 2% € Q. Also, note that Fj, is convex and g is Eg—Lipschitz continuous
on Q. By these, (98), (99), (100), and the monotonicity of {p;} and {nx}, one has

(100)
Fuah) — Fuah) < (Fiy(ab),ab —ab) — ! b — ah ! ok — o)

+ (Vg () (M VF + prg(a®)) — e V1 + pr_ig(2?))), 2% — b
< F @)l — 2fl + oty lla® — 2 ]|a* — 2|
+ [ Vg T (F + prg(ah)) — Te (V1 + pyg(@¥)) 12 — 28]
— |IFi_y @®) ek — okl + ol — 2l — o

+ Vg (a®) [T (A* + prg(a®)) — ¥ [la* — |
< nolro +0) + pg (ro + 0)% + 2Ly (¢ + D (IN*] + 70 + 6) (ro + 6),
where the last inequality follows from (96) and (98). Then we have

272 2 2
b= = (Fule®) = By(ah) + prodlle — ab)2) < = (Fu(ab) - Fi(ah)) + 2lla* - ok
Pkao Pkao Pocy

= (mo(ro-+0)+ 5" (ro-+ 0)° + 2Ly (¢ + DX + 70+ 0)(ro +0)) +2(r0 + 6)°
0

2(ro+ 0 B _ )
:(p?ﬂ%) (770+PO Yro +6) + 2L, (¢ + 1) (N + 70 + 0) +p006(2)(7"0+0)>,

By this relation and the definition of 7 in (35), one can see that (97) holds for all 1 <k € K — 1. O

<
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Lemma 16. Let fi, Ly, Ly, S and S), be respectively defined in (31), (88), (90) and (91). Then for all
0<keK-—1, Vf is Lipschitz continuous on S, and Sy, with Lipschitz constants Ly and Ly, respectively.

Proof. Let Q and O be defined in (36) and (38). We first show that S, C Q and §; C O for all 0 < k € K — 1.
To this end, fix any 0 < k € K— 1. By (90), (96) and (97), one has that for all z € S,

(90)
lz — 2|l < flo = 2%l + lla2 = 2| < ag'y/20; "7 + |2k — 2™ < 7o + 7o + 6,

where the last inequality follows from (96) and (97). This together with (36) implies that S C Q. In addition,
by (34), (37), (88) and p > po, one has

k—1
_ _ o (34 _ _ _
C"_ple"’_pleVgE pini+f3k2 < C+polB+p01ng(9+p02
1=0

) (37

_ 88
oL, € L.

Using this, (91) and (97), we obtain that for all z € Sk,

(91) y
o — a*|| < |lw — 2f|| + |af — 2*|| < (14 Lipy ") og '/ 205 "7 + l2f — 2| < (1+ L) + o + 6.

which along with (38) implies that S, C 0. ~ R
The conclusion of this lemma then follows from Lemma 13 and the fact that S C Q and S, C Q for all
0<keK-1. O

Lemma 17. Let Ny denote the number of evaluations of V f, Vg, proximal operator of P and projection onto
K* performed by Algorithm 2 at the kth outer iteration of Algorithm 5. Then for all 0 < k € K — 1, it holds that

<]0g pialid ( max{l,f6—1}+3)2 )
J'_

;

N.<Ci | M+1+ , (101)

\/(,u + o H)pi t min {1, 5E—1}

where M, 6, ag, {pr} and {ni} are the input parameters of Algorithm 5, and Ty, L and Cy are given in (35),
(39) and (40), respectively.

Proof. By (34), (39), (88) and pr > po, one has
k—1

1 (88) A 1 PN L, (34) i~ o~ 3
plek = C+Ple+Pk1LVgZPi77i+pk2 < C+p01B—|—p01Lv99+p02
1=0

7. (102)

Notice that at the kth outer iteration of Algorithm 5, Algorithm 2 is called to find an n-residual solution 2**1 of
the problem min, {f(z) + P(x)} with the inputs € < nx, 70 < pj ' < o+ py, ' and z! = 2% < 2*. Moreover,
when applied to this problem, the proximal step (5) of Algorithm 2 requires one evaluation of V f, Vg, proximal
operator of P and projection onto K*, respectively. In view of this, (89), (90), (91), Lemma 16 and Theorem 3,
one can replace (19,70, 14, €, Lg) in (17) by (7%, plzl, o+ plzl, Mies Ek) respectively and obtain that

2log i
i (/2 max (o Trd—1} 420 1T log(p 1T
Ny <(Q+M7) | M+ ( ) (H{W
log <1 = \/(u+p;§1)min{021»513£1}> -
_l’_
2
log 2 ~
log(p; 1L
<(+M Y| M1+ — (”{ﬁfﬁ/éfﬂ )
—log <1 - \/(qupEl)pElmiﬂ{lﬁPkLEl}> "
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2
2017, <\/ maX{l,pllekr?*l}er;lLk)

log 2

log(pr 'L
<A+M Y| M+1+ + <1+|701g(p(ki/(5)k)—‘ )
BN ~_ 0g
\/(,u+pk1),0k1m1n{1,5pkLkl} +

where the last inequality follows from the fact that —log(1 — &) > & for any £ € (0,1). By the above inequality,
(97) and (102), one can see that (101) holds. O

We are now ready to prove Theorem 5.

Proof of Theorem 5. (i) Let K be defined in (42). We first show that Algorithm 5 terminates after at most
K + 1 outer iterations. Indeed, suppose for contradiction that it runs for more than K 4 1 outer iterations.
It then follows that (32) does not hold for £ = K. On the other hand, by (34), (93), (42), px = poCX and
Nk = noo’s, one has
P G LU [ s g
PK po¢E 2

and hence (32) holds for £ = K, which leads to a contradiction. In addition, the output of Algorithm 5 is an
e-KKT solution of problems (2) and (29) due to [12, Theorem 4].

(ii) Suppose that p = 0, i.e., f is convex but not strongly convex on dom(P). Let K and N be defined in
(42) and (43). Also, let Nj denote the number of evaluations of V f, Vg, proximal operator of P and projection
onto * performed by Algorithm 2 at the kth outer iteration of Algorithm 5. In addition to these evaluations,
one projection onto K* is performed at step 3 of Algorithm 5 each iteration. By these and statement (i) of this
theorem, one can observe that the total number of evaluations of V f, Vg, proximal operator of P and projection

K 4D ¢

NK =N < >

onto K* performed in Algorithm 5 is no more than ZlKl (N, +1). As a result, to prove statement (ii) of this

theorem, it suffices to Show that E‘Kl Q(N;.C +1) < N. Indeed, in view of (41), (42), (101), [K| -2 < K, =0,
pi = poCF and n, = nyo®, one has

pia%?%( max{l,f5_1}+f>2
IK|—2 > pi | log 7
YN+ D)SE+1+C Y | M+1+ = +
k=0 k=0 min {1, 5L71}

= ~\ 2
20272 (\/max{1,Lé6—1}+L
pOCk’ <2k logg —I—IOg pOO‘OrO( a { } ) )
+

K 3
=K+1+C ) [M+1+ -
k=0 min{l7 5L—1}

_ = 2
POCK+1 <2K10g<—l—log Pgagr(%( maxil,Lé 1}+L) >
o UH
SK+14+C | (M+1)(K+1)+ =1 <N,

(¢ - 1)min{1, 53—1}

where the first inequality follows from (101) and p = 0, the second inequality is due to Zi(:o CF<CEHL/(¢C-1)
and I k¢ < K¢FT1/(¢ — 1), and the last equality follows from (41), (42) and (43).

(iii) Suppose that p > 0, namely, f is strongly convex on dom(P). Similar to the proof of statement (ii) of
this theorem, it suffices to show that Z‘m 2(Nk +1) < N. Indeed, in view of (41), (42), (101), |K| -2 < K,
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>0, pr = po¢* and ny = oo™, one has

— N\ 2
o (10 pia%?%( max{l,Lﬁ*l}—i-L)
IK|—2 K u & m
+

SN+ ) <K+1+G Y [ M+1+

k=0 k=0 min {1, V 5E71}

%

= ~\ 2
2adi (v LLS~1}+L
Jave (zklogg t tog A e 7)) )
+

K
=K+1+C1) | M+1+ -
k=0 min {1, 5L—1}

= ~\ 2

20272 (\/max{1,L6—1}+L

%\/ZK—H <2K logg +1og P()Oéo?"o( ani } ) )
0

+

<SK+1+4C | (M+1)(K+1)+ <N,

(/€ — 1) min {1, 5E—1}

where the first inequality follows from (101) and g > 0, the second inequality is due to Zf:o Ve < el J/(VC—
1) and S5, k< KﬂKH/(\/Z — 1), and the last equality follows from (41), (42) and (44). O

6 Concluding remarks

The development and analysis of accelerated first-order methods in this paper are based on the assumption that
the proximal subproblems associated with P can be exactly solved. Nevertheless, it is not hard to modify them
by using a suitable inexact solution of the proximal subproblems instead.

Recently, a class of problems in the form of (1) with f being relatively smooth convex was considered in
the literature (e.g., see [2, 5, 11]). Interestingly, this class consists of some problems in which V f is not locally
Lipschitz continuous on cl(dom(P)), for example, the problem with P being the simplex and f containing the
entropy function and being relatively smooth to the entropy function. It shall however be mentioned that
this class generally does not include the problems considered in this paper. For example, it does not contain
problem (1) with f being a convex high-degree polynomial function and P being the indicator function of the
nonnegative orthant. Yet, this problem belongs to the class considered in this paper. As future research, it would
be interesting to investigate whether the methods studied in this paper can be extended to relatively smooth
convex optimization.
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